When a beam of charged particles tra verses a crystal along closely packed atomic strings or planes, the particles undergo correlated collisions with the atoms (see Fig. 1 ) which leads to a con strained motion that is termed channelling. The interaction potential may be described as a sum of continuum atomic string or plane potentials in the two situations. The term is appropriate as a fast particle will undergo small angle scattering from a large number of atoms, the half-wavelength of the particle trajectory being of the order of 10-100 interatomic spacings (see Fig. 2 ). Neglecting multiple scattering and energy loss effects, the transverse energy E ± in the plane perpendicular to the considered channel direction is conserved, i.e. where is the transverse momentum, y = E/mec2 the Lorentz-factor, E the total parti cle energy and V the continuum chan nel potential.
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const. (1)
Fig. 2 -Motion of an axial or planar channelled particle close to an atomic string or plane.
where is the transverse momentum, y = E/mec2 the Lorentz-factor, E the total parti cle energy and V the continuum chan nel potential.
The basic theoretical description of channelled particle motion based on classi cal methods was given by Lindhard1 ) in 1965 and at the turn of the 1960's the chan nelling of positrons and electrons was ob served. At relativistic energies, the particle behaviour can be described classically, whereas at lower energies, quantum ef fects become significant.
In 1976, M.A. Kumakhov 2) predicted that channelled positrons or electrons of relativistic energies would radiate, and that as the electric field created by atomic strings or planes is of the order of 1010 -101 1 V/cm, the radiation should be intense. While the characteristic frequencies 2) of particle trajectory oscillations in channels is 1015 -1016/s, the radiation frequencies, owing to the Doppler effect, are shifted to the X and γ-ray region.
Theoretical Aspects
Consider the case of the planar channell ing of positrons. To a first approximation, the continuum potential in the channel may be taken as a harmonic V(x) = V o /x2, where x is the distance from the channel centre. The particle motion can then be expressed as:
x(t) = xmcos(ω t + 60) (2, a) z (t) = v z t (2, b) where: the oscillation frequency neglecting relati vistic effects; xm the amplitude of the parti cle oscillation; vz the longitudinal velocity component. As seen from (2, a and b), although the positrons have a relativistic velocity along the channel axis, they carry out nonrelativistic transverse oscillations. According to classical electrodynamics the total radiation intensity is given by l o = x2 e2 Ω4 y2/3c3 = y2 (3) This it will be seen increases proportionally with E2. The oscillation frequency in the frame in which the longitudinal component of the particle velocity is zero, is given b\ ωoo = V[2V(y)]/ m = Ωoy1/2 (4) the factor y coming from the Lorentz transformation of the potential V(x) in the laboratory frame, into the potential V'(x) = yV(x) in the frame which moves with the particle along the channel axis. quency of the emitted radiation at an angle 0 taking into account the Doppler effect is then derived from: At 0 = 0 we have the maximum frequen cy ωm = (1 + ßz)Ωoy3/2= 2Ωoγ3/2 (7) Fig. 3 gives the spectrum from 1 GeV positrons channelled over the (110) plane in silicon, wherein the solid curve was obtain ed taking into account the anharmonicity of the potential. The sharp maximum that can be seen at ω = ω means that the m radiation is largely monochromatic.
In axial channelling, the particles carry out a two-dimensional transverse motion, as the channels are formed by atomic strings rather than by planes. They may be considered in two groups: those with relatively high transverse energies, which are scattered by separate atomic strings and may pass from one channel to another, radiating relatively hard quanta; those with small transverse energies which are the real channelled positrons, and which radiate photons of lower energies. The resulting spectrum is more spread out than with planar channelling. Furthermore, several maxima may be observed owing to the pre sence of several groups of particles with different characteristic frequencies.
The peculiarities of electron channelling and its radiation arise from the attractive in teraction potential between the electrons and atomic strings or planes; electrons cross and recross the atomic planes rather than going between. Near to the planes, the interaction potential is to a high degree .
and this results in the ap pearance of various maxima in the radiation spectrum. Furthermore as the potential gradients for electron channelling are larger than for positron channelling, the radiation intensity is higher.
In axial electron channelling, the trans verse motion is elliptical and the particles spiral around the atomic strings. Such a motion is called a "rosette motion" and is described by an effective string potential W(r) = L2 / (2me y r2) + U(r), which has a local minimum. The value L (the angular momentum), is governed by the detailed position and angle at which the particle enters the string. A bound motion is only possible over the interval given by rcr ≤ r ≤ D/2 where rcr is the minimum approach of an electron to the string in channelling and D is the distance between atomic strings. Consequently only a part of the electron beam is captured in the channelling regime, the number being strongly influenced by the beam divergence. Nevertheless, under optimal conditions, more than 50% of the electron beam may be captured. Because the electrons carry out a rosette motion around the atomic strings, the radiation is axially symmetric provided the targets have sufficient depth. The intensity of the radia tion with planar channelling exceeds that of the positron radiation by an order of magni tude, and the radiation is harder for the same energy.
Despite the differences described above between the radiation from relativistic channelled positrons and electrons, the main characteristics of the dipolar Kumakhov radiation are the same when E < (mecz)2/ UQ and U0 is the height of the potential barrier between channels (Ecr -10 GeV for positrons and 1 GeV for elec trons). These characteristics can be sum marized as follows:
(i) Total intensity/o a E2 (provided clas sical electrodynamics is applicable); (ii) Maximum frequency ωm α E3/2· , (iii) Emitted frequency at angle 0 is given by (6) . In a quantum-mechanical treatment 3), the transverse motion of channelled relati vistic positrons or electrons can be describ ed by a nonrelativistic Schrödinger equa tion with a relativistic particle mass: 2mey ( 8) The Kumakhov radiation is then considered to be due to transitions between the energy levels ELn which are formed in the field of atomic strings or planes. Quantum mecha nical calculations of radiation characteris tics agree with classical results in the quasiclassical limit.
Experimental Results
In November 1978, a Soviet-American experiment 4) was carried out in Stanford (USA) with positron beams of energy 4,6, 10 and 14 GeV using as targets, diamond crystals with a thickness of 80 and 600 µm. Fig. 4 shows the spectral density per posi tron unit path obtained when 6 GeV posi trons were beamed into the 80 µm target in the (110) planar channel. The experimental results are compared with a theoretical curve obtained by dividing the calculated spectra by a parameter, in order to take ac count of the non-dipole character of the radiation which leads to a decrease in in tensity. For the maximum frequency ωm, agreement between the general theory (with allowance for the non-dipole charac ter) and experiment is good. Moreover the predicted dependence of the maximum fre quency on the incident energy (ωm α E3/2) is followed up to 10 GeV although at 14 GeV, deviations become pronounced.
Alguard et al.5) have observed radiation from 56 MeV positrons channelled between the three major planes and along the <110> axis in an 18 pm thick silicon crystal. The planar channelling spectra showed the typical peak of Fig. 3 whereas the axial spectrum had a broad maximum in the vicinity of 100 keV, which was also in accordance with expectations. The energy dependence of the maximum frequency ωm α E3/2 was also observed. The first experiments with electrons were carried out by Aganyants et al.6 ) in 1977 at the Erevan synchrotron with a dia mond crystal as target. Beam energy was 4.7 GeV, incident on the axial channel <110> and the planar channel (110). In Fig. 5 the observed spectra are compared with the calculated spectra, taking into ac count the non-dipole character. In the axial case, agreement is good, whereas in the planar case the deviations are pronounced.
A more detailed investigation was per formed for 56 and 28 MeV electrons chan nelled along the planes (100), (110) and (111) and the axis < 110 > of an 18 pm thick silicon crystal by Swent et al. 7) . Fig. 6 shows the ratio of the normalized axial channelling spectrum to the corresponding random spectrum for 28 MeV electrons in <110>, and the reduced spectrum for the same channel at E = 56 MeV, obtained by dividing the intensity by a factor 2 and the photon energy by a factor 23/2. Both spec tra are in good agreement, which confirms the validity of the law ωm α y3/2.
With planar channelling, a number of spectral peaks were observed, but the cor respondence between the calculated maxi ma and the experimental data was still satisfactory. The multiplicity of peaks can be explained by the high anharmonicity of the interaction potential.
More recently, radiation from 1.5-4 MeV electrons channelled along the <111> direction in silicon has been observed 8), confirming the theory that spectral maxima originate in transitions between bound states in the axial trans verse potential (see Fig. 7) , and that at low particle energies quantum mechanical con siderations are important.
Possible Applications
Channelling radiation shows a high spec tral density in a comparatively narrow fre quency band and has a high degree of pola rization. At the present time there are no powerful γ-ray sources in the energy range 0.1 to 100 MeV as the intensity of synchro tron radiation decreases exponentially in this region, and bremsstrahlung has too broad a spectrum and angular distribution owing to the multiple scattering in a thick target. Channelling radiation has a spectral density similar to bremsstrahlung, so it should be possible to generate powerful fluxes of narrow frequency and angular spread.
At particle energies of several MeV, the spectral density begins to exceed that of bremsstrahlung and intense beams of X-rays are emitted. There should be ap plications therefore in X-ray lithography. Already the use of synchrotron radiation has led to an improvement in resolving power and hence to a decrease in size of in tegrated circuits. The required frequency range can be reached with considerably smaller particle energies using channelling radiation. Furthermore, the exposure time could be reduced down to a few minutes.
An interesting possibility is to induce laser action through transitions between energy levels in the transverse potential well, the relative populations of the cor responding quantum states being influenc- ed by the incident angle of the particle beam. Higher lying states can be made to have larger populations (inversion) giving rise to the laser emission of photons 9). Fur ther applications can be found in Ref. 10 .
As seen from the examples given, the unique properties of channelling radiation suggest a number of practical applications, and it will be of great interest to study ex perimentally, channelling over a wide energy region (1 MeV < E < 100 GeV) in a variety of target materials, thicknesses and channel direction.
